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Abstract 

We develop the method of the hamiltonian reduction of affine Lie superal- 
gebras to obtain explicit and general expressions both for the classical and the 
quantum extended superconformal algebras. By performing the gauge trans- 
formation which connects the diagonal gauge with the Drinfeld-Sokolov gauge 
and considering the quantum corrections, we get generic expressions for the 
classical and quantum free field realizations of the algebras. 



Recently, there has been a renewal of interest in the non-linearly extended su- 
perconformal algebras, originally introduced by Knizhnik and Bershadsky jl]. Two 
of the present authors have considered the classification of extended superconformal 
algebras in the context of hamiltonian reduction (P, ||, |], ||) of Lie superalgebras in 
||, and the present authors have further explored this, both in the special case of 
the so called doubly extended N = 4 algebra J?| and in the general case ||. |[|. 
These algebras have also been classified independently by Bowcock and by Fradkin 



and Linetsky [10] from a purely algebraic approach. 

The method of hamiltonian reduction clarifies the integrable structures of the 
hierarchy of the relevant soliton equations 0. From the point of view of conformal 
field theories, this approach provides a powerful technique to obtain the free field 
realizations of the algebras. These free field realizations are useful for studying the 
representation of the algebra and correlation functions. 

In the present paper we develop the technique of hamiltonian reduction to present 
simple and completely general expressions for the algebras. We find the explicit 
gauge transformation which gives the classical free field realization. We then obtain 
a quantum expression from the requirement of the closure of the algebras. The 
difference with the classical expression may be expressed as a "renormalization" of 
certain constants. Some preliminary results have been reported in ref. [[F]. 

Let g = go©gi be a rank n basic classical Lie superalgebra with an even subalgebra 
go and an odd subspace gi. As described in || [5], [!|, we consider the case go = G®Ax, 
in which we use only the Ai subalgebra for the reduction. The generators of the 
Lie superalgebra split into A\ representations with spins {sj}, and the conformal 
dimensions for a current in the reduced algebra are + The fact that g = G@Ax 
implies that the bosonic sector of the algebra contains an energy-momentum tensor of 
conformal dimension 2 and some dimension 1 afline G currents. In the superalgebras 
listed in table [l], the odd subspace carries spin | representations of the Ax, and 
therefore gives rise to fermionic supercurrents of conformal dimension | after the 
reduction. In the case of the Lie superalgebra B(l\n), where the even subalgebra is 
of the form g = C n © Ax, the odd subspace carries spin 1 representations of the Ax, 
giving rise to fermionic currents with integer spin in the reduced algebra. This type 
of algebra falls outside of the scope of this paper, and we will therefore not consider 
B(l\n) here. 

We introduce some notation. We denote by A = A U A 1 the set of roots of 
g, where A (A 1 ) is the set of even (odd) roots. (The root systems of those Lie 
superalgebras that we are interested were given for example in ||). Denote the set 
of positive even (odd) roots by A° (A^). The superalgebra g has a canonical basis 
{E a ,e 1 ,h 1 } (a G A , 7 G A 1 , i = l,...,n), which satisfies (anti-) commutation 
relations 

N a ^E a+l3 , for a, (3, a + (3 G A , 
[E a ,Ep] = { 2a -h 



9 ' 
cr 



for a + (3 = 0, 
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{e 7 ,ey} = iV 7)7 /.Ey + y, for 7, 7' G A 1 , 7 + 7' 6 A , 

{e 7 ,e_ 7 } = j-h, for 7 e A}., 

[e 7 , Eq] = iV 7iQ e 7+Q , for a G A , 7,7 + a G A 1 , 

[/i\£ a ] = a\E7 a , [/i\e 7 ]=ye 7 - (!) 

The even subalgebra g is generated by {E a ,h 1 }. The odd subspace gi is spanned 
by {e 7 }. go acts on gi as a faithful, completely reducible representation. The Killing 
form ( , ) on g is defined by 

2 

(E a ,Ep) = —5 a+ ^ , (e 7 ,e_y) = -(e_ 7 ,ey) = <5 7i y, (X,/^) = <%, (2) 



n. 



for a,(3e A , 7,7' G A^, i, j = 1 

In terms of these generators, we can write the expression for the affine current as 

a 2 JL . . 

W = E T U*)E a + E h^Y, + E H\z)h\ (3) 

a6 A° 76A 1 4=1 

On the space of currents, the Poisson bracket structure is introduced by the infinites- 
imal gauge transformations 5J(z) = [A(z), J{z)} + kdA(z), where A(z) G g and k is 
the level of the affine Lie superalgebra g. 

In the present case, the odd subspace gi belongs to the spin | representation with 
respect to the even subalgebra A\ and splits into two parts gi = (gi)+i © (Si)-i • By 
choosing appropriate simple roots for g, we can take the root space A*i , which spans 

+ 2 

(gi)+i, to be the space of odd positive roots A\ = A* 1, and we find the relation 

a^ =V + e. 

Denote the set of roots of the subalgebra G by A(G). Each odd space (gi)±i be- 
longs to a fundamental representation of G of dimension |A+|, this being the number 
of positive odd roots. If we denote the representation matrices in the canonical basis 
by / then we have (using the Jacobi identities) for 7 G A+ 

^7,7' •^Va ) _ j5>y— a,y j 

= (7±)^7,7'> 

tr(W) = cf%, 

tr(^) = c F i« +M , 
cr 

^.q ±a 

C 7,7' ~~ r 6»-7',0-7> 

*°y = ty«. (4) 

where 7j_ is the projection of 7 G A\ on the root space of G and the constant cp is 
defined as X^eA 1 7l/rank(G). It is convenient to introduce the affine G currents in 
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the above basis 

2 rank(G) 
aeA(G) i=l 

The procedure of hamiltonian reduction is to impose the condition J-$(z) = 1 on 
the current, where —9 is the negative root in the A% subalgebra. With this constraint, 
there is still a gauge invariance, which allows one to choose one or the other gauge slice 
as a representative of the reduced phase space, for example the so-called "Drinfeld- 
Sokolov (DS)" gauge or the diagonal gauge. In the DS gauge the current is 

Q2 02 2 rank(G) 

J DS {z) = -E_ e + -T(z)E e + £ G 7 (z)e 7 + £ —J a ( z )E a + £ Wh\ (6) 

7 eA^ aeA(G) 1 i=l 

The generic gauge transformation projected on the DS gauge slice becomes the trans- 
formation corresponding to the extended superconformal algebra, see || § for details, 
the Poisson bracket structure on the reduced phase space can be conveniently writ- 
ten in terms of formal "operator product expansions". We define the total energy- 
momentum tensor to be T ES a = ft^ + T Su g awa ra, where T is the generator occurring 
in the DS current, and 

Tsugawara 

^ {a£A(G) * i=l J 

(7) 

and we rescale the supercurrents as G 7 = i\J f|GV The result is the classical extended 
superconformal algebra: 

T ( VT < n \ 3E l 2T esa(w) dT ESA {w) 

TeSa{z)T ES a{w) = 7 rr + rr- H 1 , 




— it?) 4 (2; — w) 2 z — w 

Jb(z)GJw) = — 1 , H\z)&Jw) = — h 

z — w z — w 



(3 — w) 3 \ (z — w) 2 z — w J 
2 r T ESA (w) - T Sugawara (w) l(J 2 ) 7i y(w) 

+ — 7i y 7 1 , (8 J 

2 ^ — w k z — w 

Here we imply the notation: 
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Notice that this expression is nonvanishing only if either 7 — 7' G A(G), 7 = 7' or 
7 + 7' = 0. We note that the classical value of the central charge cesa is —Y2k/6 2 . 
The operator product expansions of the affine G (or G = (BiG 1 ) currents are the 
standard ones at level = -^r, where denotes the "long root". 

There are several methods which allow us to obtain the classical free field real- 
ization of the extended Virasoro algebras. One method is based on the Miura trans- 
formation, used in the case of hamiltonian reduction for non-exceptional simple Lie 
algebras 0. This formulation has been generalized to the extended superconformal 
algebras for Lie superalgebras sl(N\2) and osp(N\2) ||. However for the remaining 
Lie (super)algebras, especially exceptional type algebras, it is difficult to find the 
explicit form of the Miura transformations. Another method consists in finding the 
explicit gauge transformation from the diagonal gauge, in which the Poisson structure 
of the free fields are defined, to the Drinfeld-Sokolov gauge. We show that this last 
method provides a general procedure for giving the free field realization for arbitrary 
extended algebras. 

Let us consider the gauge transformation J — > J 9 = gJg^ 1 + kdgg^ 1 . By 
parametrizing a supergroup element g by e A (A e g), we get 

00 1 

J 9 = Y -{(adA) n J + HadAr^dA}. (10) 

Here (adX)Y = [X, Y] for X,Y 6 g. We write the current in the diagonal gauge as 

a 2 ~ Hp 9 2 

^diag(^) = ^J a {z)E a +yH i (z)h l +yiJ—xe- 1 (z)e^-i^/kd(f)(z)h e +—E_ 

aeA(G) 1 i 7 eA^ ' 

(11) 

where X7 are complex fermions, normalized to 

X 7 (z)xe-y>(w) = + ■ ■ • , 

and is a free boson coupled to a background charge q = — with (f>(z)(f>(w) = 
— \n(z — w) + - ■ -. The energy-momentum tensor corresponding to (ft is = —^(d(f>) 2 — 
l -^d 2 cf). The currents J are affine G currents that commute with the fermions. The 
level of the J's are K = \k. The J's can be built based on the standard Wakimoto 



construction [11, 12], but the explicit free field realization of the currents is not 
necessary in the present paper. Using various equations for the structure constants 
of the Lie superalgebra ||, it is straightforward to calculate (Jdiag) 9 with g = e A and 

A(*)= E U^ + e(z)E e , (12) 

which generates the residual gauge symmetry. The gauge transformation (|ToD trun- 
cates at fourth order for J = J^ag- The truncation at finite order is a general feature 
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of the technique of hamiltonian reduction. The condition 

JDS = (Jdiag) 9 , (13) 

determines A to be A = — iJ p Ysy Xe~-y e -y + iy jpdtfiEo and we find 



j ds = iy ^ E |-^x 7 - ^y ^-^0x 7 - ^7,y xy - xy 

+ Et(^ + ^ + E(#< + ( 14 ) 

Comparing (^j) and ([HP we get the free field representation of the classical extended 
superconformal algebras. The energy momentum tensor and the supercurrents are 
given by 

1 [~k - 1 

T E SA = -"(^) 2 + iy 72^0 + Tsugawara + - E d Xe-yXy 

7 eA], 



i Hp 1 / - 2 \ 

G 7 = +V^% 7 + ^y —d^X-y - ~j= E ( J 7,7' + 3 J 7,7'J X 7 '- (15) 



The free field realizations of the affine currents J a and H % are just the coefficients of 

2 

* -E a and h % respectively : 



7 = J + jf 

W = Hi + H[, (16) 



where j£ and if/ are Kac-Moody currents constructed from the fermions in the 
standard way 

J a = 2 ^',7X7X0-7' 
7 ', 7 eA^ 

Hf = ~ E ^,7X7X0-7'- (17) 
7 ', 7 eA] f . 

We now use the classical free field realizations to write down an ansatz for the 
generators of the quantum algebra algebra, in which we allow for arbitrary coefficients 
on the various terms. We then calculate the quantum operator product expansions 
of these generators. This way we find the coefficients and the modifications in the 
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algebra and the free field realizations necessary for the closure of the quantum algebra. 
Define x-y an d J as above, and define <fi to be coupled to the background charge 
Q = — (k + y), where a + = y/k + h v . h v is the dual Coxeter number of 



the Lie superalgebra g. The afline currents J a and H l with level K = —r(k — ^) 



are constructed as in eq. flTE| ) ^from the affine currents J a and H % from the free 
field representation, with level K = -^r{k — cp), and the afline currents j£ and 

constructed from the fermions, with level K$ = ^J-. For the explicit realizations of 

the affine currents J a and H % in terms of free fields we refer to ref. [11] or Hl2]] . The 
quantum free field realizations of the supercurrents are found to be 



G (z) = ( k + ° — dxy+^\hrd(j)(z)x7 — - Yl [KA z )xA z ) + \ '■ J iyX-r' ■ ( 
a+ V2 V 2 a+ ygAl V 3 " 1 

(18 

The quantum energy-momentum tensor is T E sa{z) = T$(z) + T x (z) + T Su g awara (z) 
where 



2 v r/ v j 2 

1 f — , a 2 rank(G) 

Tsugawara{ z ) = TTf \ X/ "o" ' ^aJ-a '■ (?) + ^ ■ & H % \ (z) 
Za + [aeA(G) 1 i=l 

T x (z) = \ £ : dxe-.X, ■ (z). (19) 

The quantum algebra is very similar to the classical one. The central charge of the 
quantum algebra is shifted from —^r to — ^ + k '^^y S — 2 — 1 1 | where sdimg is the 
superdimension of g, and as already mentioned above, the level of the affine currents 
is shifted from K c i = \k to K = -%r(k — ^f). The OPE between the supercurrents 
are modified into 

k + h w {z — w) A k + nr ^ I (z — w) z z — w 

2 7,7 z - w k + h y ^ z-w 

Here J^ l L denotes the part of the current J 7j y associated with the affine algebra 
The functions /(A;) and g(fc) are given by 

/(*) = 2(k + ^ + ^H-)(k- C f), 
g®(k) = 2(k+"- + ^^(H^), (21) 



In this expression it is not obvious that f(k) is well defined in the case where G 
G^ © G^ . However, one finds the identity 




(2) 



Cp 



and similarly when (1) and (2) is interchanged. One easily checks that this does 
indeed imply that f{k) is well defined. 

We note that in the classical limit k — > oo we recover the classical expression @. 

1 a 2 

T G {w) = -r ■ — { £ ■■ JaJ-a : W + £ : : (w)} 



2(fc + h> 



aeA(G) 



is similar to the Sugawara energy momentum tensor, but in fact carries a different 
normalization, namely the normalization that would be needed for the "hat" part 
whereas here we are dealing with the full generators. In order to present the algebra 
in the above way which is related so simply to the classical expressions, it is important 
to use the symmetrized normal ordering prescription in the quadratic terms in the 
expression for the ope Ge-y(z)G^(w) : 



:A{z)B{z) : s =ijf 



dw A(z)B(w) + A(w)B(z) 
2m z — w 



In this paper we have employed a unified formalism for treating those supercon- 
formal algebras which are obtainable by hamiltonian reduction of Lie superalgebras, 
using the techniques developed in refs. || [?|, |8|. The new results of the present 
paper are that we have obtained expressions for the algebras and for the free field 
realizations of these algebras, which are not only completely general, but also very 
simple compared to previous expressions. We have provided formulas both for the 
classical (§,0) and the quantum cases. The two are quite similar but differ 



as expected by certain "renormalizations" of constants for which we have obtained 
the general form depending on certain group theory parameters. As a particular new 
result in this paper we have obtained the classical expressions for the free field realiza- 
tions in a very straight forward way, simply by providing an explicit expression for the 
gauge transformation connecting the diagonal gauge ( [LTD and the Drinfeld-Sokolov 
gauge fll4|) . This method would seem to be useful for finding the free field realization 
for other extended algebras. 

The study of conformal field theories with extended chiral algebras containing a 
superconformal algebra, is expected to be of interest from various points of view. Thus 
the corresponding target manifold in a string theory application would be expected to 
have a rich geometrical structure. For actual applications we need more information 
on the representation theory of these algebras. Some crucial steps towards an under- 
standing of the representations were taken in 0, |8j where we considered the structure 
of the screening operators and the null vectors of these algebras. But more work in 
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Table 1: Constants occurring in the free field realizations. 



g 


G 




# 2 /2 




h v 


(f#v )( i) 




)(2) 


c (1) 


c (2) 


B(n\l) 


B n 




2 


-In 


+ 3 


-2n + 1 






-2 




D(n\l) 






2 


-2n 


+ 4 


-2n + 2 






-2 




F(4) ' 


B 3 




2 




-3 


-5 






-2 




G(3) 


G 2 




~~ 3 




2 


4 






2 




A(n\l) 




Bu(l) 


-1 


n 


- 1 


n + 1 







2 


-n + 1 


D(2\n) 


C n £ 




-1 


In 


- 2 


2n + 2 




-2 


4 


-2n 


D(2\l;a) 


A x 6 


3 Ax 


1 







-2 7 


-2(1- 


7) 


-2 7 


-2(1-7) 



this direction remains. Furthermore it can be expected that for actual applications the 
relevant chiral algebra will contain one of the superconformal algebras described here 
(i.e. with generators of dimensions 1,3/2 and 2, only) as a subalgebra. This points 
to the much larger study of super-W^-algebras and their classification. A particularly 
interesting relation should exist between the algebras we have studied here and the 
ones considered in |13| where the extended superconformal algebras obtainable from 
a similar but supersymmetric hamiltonian reduction have been classified. Indeed the 
two classifications agree in many ways. However that formalism results in algebras 
with generators appearing as supersymmetry multiplets. The relation between that 



formalism, and the one we use in this paper has recently been considered in [14 
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